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FDTD Treatment of Partially Magnetized Ferrites
With a New Permeability Tensor Model

Thierry Mońedìere, Karine Berthou-Pichavant, F. Marty, Philippe Gelin,Member, IEEE,and Francoise Jecko

Abstract—This paper outlines the finite-difference time-domain
(FDTD) treatment of partially magnetized ferrites characterized
by a permeability tensor model, which was recently published
[15]. Its causal aspect makes this tensor well adapted to time-
domain simulations. Validation is demonstrated for a resonant
ferrite structure. Numerical and analytical results are compared,
showing good agreement.

Index Terms—FDTD, ferrite.

I. INTRODUCTION

A LARGE number of nonreciprocal devices such as isola-
tors, circulators, or phase shifters include ferrites with

an arbitrary magnetization state. Due to their complex ge-
ometry, ferrite devices do not generally accept analytical
treatment. One solution consists of analyzing their behavior
with numerical methods. The finite-difference time-domain
(FDTD) method was already applied to electromagnetic prob-
lems, including ferrites. Two main approaches are used. The
first approach is based on time-domain discretization of both
Maxwell’s curl equations and Gilbert’s equation of motion
[2]–[7], [13]. The second method consists of introducing
the ferrite-material frequency characteristics in the FDTD
algorithm after inverse Fourier transform and convolution [6],
[8], [14]. This requires a causal permeability tensor.

When subjected to a magnetic field , a ferrite becomes
anisotropic and dispersive. If is sufficiently large, the
ferrite is saturated and its behavior is well described by a
Polder tensor [1]. The -tensor is then causal, and FDTD
treatment is coherent [8]. In case of low , the ferrite is
partially magnetized. Many permeability tensor models have
been proposed [9]–[12], but were not available over a large
frequency range and were not causal, contrary to the recently
published model of Gelin–Berthou [15]. Peredaet al. [14]
applied the FDTD method to partially magnetized ferrites
characterized by the Green and Sandy [11] tensor model. As
a result, the study was restricted to the lossless case because
this tensor is only real (no loss) and, consequently, not causal.
Moreover, Peredaet al. make the approximation that the
permeability of the completely demagnetized ferrite is constant
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and equal to its average value over the frequency range. This
approximation introduces a lack of accuracy, particularly for
low frequencies.

In this paper, devices with nonsaturated ferrites are treated
by the FDTD method and the model of Gelin and Berthou
[15]. The causality of this model is verified, and we explain
how to include it in the FDTD algorithm. This approach is
validated on a resonant ferrite structure for which a modal
study is possible.

II. UNSATURATED FERRITE TREATMENT WITH FDTD

A. The Classical FDTD Method

The well-known FDTD algorithm introduced by Yee [16]
consists of a discretization of the Maxwell’s curl equations
in time and space. The studied and surrounding space are
decomposed into elementary parallelepipedic cells.

Electric and magnetic fields are computed, respectively, at
the center of the edges and the faces of each cell, using the
Yee scheme [16].

B. The FDTD Algorithm for an Unsaturated Ferrite

In the case of a ferrite, it is necessary to add equations
which describe the anisotropic and dispersive behavior of the
medium. When the ferrite is partially magnetized there is
no differential equation (like Gilbert’s equation in the satu-
rated ferrite [2]–[7]) relating the magnetic field and magnetic
moment.

This is the reason why we chose to characterize the ferrite
using a permeability tensor in frequency domain and
took its inverse Fourier transform to return to the time domain.
When the ferrite is magnetized in the direction, the general
expression of [ ] is the following:

(1)

with where is the magnetic suscep-
tibility.

The expressions of each term of the permeability tensor
will be presented later. In order to deal with the problem with
the time-domain FDTD method, the time dependence of the
permeability must be determined by calculating the inverse
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Fourier transform of

(2)

with where is the Dirac distribution.
Then is calculated using convolution

(3)

(4)

(5)

Finally, the following equations are solved successively at each
time step and in each spatial cell:

(6)

(7)

(8)

The discretization of (6) gives at the time step as
a function of and at the previous time step. Equation
(8) gives at the time step as a function of and
at . The discretization of (7) allows the complete
resolution of the problem. It expresses as a function of

. The computation of the convolution product has already
been presented in detail. It is donerecursivelyand, thus, does
not increase the computation time too much. This theory has
already been applied to the study of saturated ferrites [8] using
the Polder expressions for each term of the tensor. In the
unsaturated case, it is necessary to use acausal tensor. This
is the reason why we use a new permeability tensor model,
which will be discussed in Section III.

III. N EW MODEL FOR A FERRITE PERMEABILITY TENSOR

The partially magnetized material is considered as a group
of regions, which are themselves divided into domains. The
magnetization mechanism is only arotational one. Each
independent region of the material is represented by the angle
between its anisotropy field and the field applied. The global
behavior is obtained from a spatial average over all the
responses of the regions. Each local response is obtained by
solving two coupled Gilbert’s equations in two neighboring
domains. If one knows the magnetization state of ferrite
( ), its anisotropy field ( ), and the damping term (),
it is also possible to derive each permeability tensor component
from a self-consistent model [15].

The final form of the tensor components is then given by
the following integrals:

(9)

(10)

(a)

(b)

Fig. 1. Verification of causality. Comparison between�0(f) and
�TH(�00(f)), (�0(f)), and �TH(�00(f)) (Ms = 71:6 kA/m,
Han = 0:16 kA/m, M=Ms = 0:7).

(11)

where , , , , , and depend
on ferrite characteristics (anisotropy field, magnetization state

, damping term , etc.).
The next step is to check the causality of the model before

including it in time-domain electromagnetic methods such as
FDTD. The integrations seem to make this check difficult. By
definition, causality is proved when the Hilbert transform of
the imaginary part is exactly the opposite of the real part, and
when the Hilbert transform of the real part is the imaginary
part.

For example, in the frequency domain, it is possible to write:
.

The causality of and is proven if

and

(12)

We used a mathematical algorithm to perform the Hilbert
transforms. Fig. 1 shows the results which imply the causality
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Fig. 2. Approximation of�(f) by a sum of three filters.C1 = 1:023 108,
!01 = 1:250 109, � = 5 10�3. C2 = 6:608 109, !02 = 1:514 108, � = 5
10�3.C3 = 3:361 107, !03 = 1:266 109,� = 5 10�3. (Ms = 71:6 kA/m,
Han = 0:16 kA/m, M=Ms = 0:7.)

Fig. 3. Approximation of�0(f) by a sum of three filters.C1 = 1:763
109, !01 = 7:436 107, � = 5 10�3. C2 = 1:853 106, !02 = 1:249
109, � = 5 10�3. C3 = 2:623 105, !03 = 1:279 109, � = 5 10�3.
(Ms = 71:6 kA/m, Han = 0:16 kA/m, M=Ms = 0:7.)

of each tensor component. It is then possible to use the new
tensor model in the FDTD algorithm previously discussed.

The last problem concerns the calculation of the inverse
Fourier transform. It is impossible to use an analytical calcu-
lation because of the integration overin the tensor elements.
We avoid this problem by approaching each tensor element
with a sum of digital second-order filters. This approximation
is done numerically using MATLAB. The following two
different filters are used to approximateand (by analogy
with Polder’s formulas):

(13)

(14)

where and are the central frequencies of filter number,
and the weighting constant of-filter, and the damping

term. Then, the inverse Fourier transform is given by

(15)

(16)

Fig. 4. A cylindrical ferrite resonator centered in a metallic cavity.

(a)

(b)

Fig. 5. Resonant frequencies of modes TM+=� 110 for different values
of M=Ms. a = 13 mm, b = 26 mm, "d = 1, "f = 14. FDTD cells:
�x = �y = 0:65 mm, �t = 5:73 10�12.

where is the Dirac distribution, the unit step function,
and .

Some examples of numerical approximations are presented
in Fig. 2 [for ] and Fig. 3 [for ]. There appears to be
good agreement between the approximations and the curves
given by the tensor formulas. Only three filters are used here.
It is interesting to point out that agreement can be improved
(particularly near resonances) using a greater number of filters.
Another way to improve the approximation near resonance is
to allow different values of for each filter. This method could
be particularly interesting for low values of the ratio
when several resonances appear in the evolution ofand
versus frequency.

The causality of these filters allows their inverse Fourier
transform to be calculated, and then to compute the global
FDTD algorithm. Results are presented Section IV.
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Fig. 6. Evolution of resonant frequencies of TM+=� 110 modes versus the magnetic field. Comparison between the modal method and FDTD computation
(Ms = 71:6 kA/m, Han = 0:16 kA/m). a = 13 mm, b = 26 mm, "d = 1, "f = 14. FDTD cells:�x = �y = 0:65 mm,�t = 5:73 10�12.

Fig. 7. Evolution of resonant frequencies of TM+=� 110 modes versus the magnetic field. Comparison between the modal method and FDTD computation
(Ms = 292:6 kA/m, Han = 0:48 kA/m). a = 8 mm, b = 16 mm, "d = 1, "f = 16. FDTD cells:�x = �y = 0:40 mm,�t = 3:771 10�12.

IV. A PPLICATION TO A RESONANT FERRITE STRUCTURE

To show the validity of this new formulation, resonance
frequencies of a cylindrical cavity where a cylindrical ferrite
is centered (see Fig. 4) are calculated. A two-dimensional
(2-D) FDTD calculation is used because and

are two modes that do not depend on the height.
Their resonant frequencies are calculated for different values
of the bias magnetic field . The computation is performed
by the FDTD method directly in the time domain, and resonant
frequencies are obtained after using a Fourier transform. The
results obtained by 2-D FDTD are compared to those given
by the mode-matching method [17].

Fig. 5 shows the resonance frequencies of for
two values of ( kA/m and kA/m). The
FDTD computation shows that the two modes are degener-
ated when the ferrite is completely demagnetized. When
increases, the resonance frequency of increases

and the one decreases. This is a well-known
phenomenon for unsaturated ferrite.

Figs. 6 and 7 show the resonances of versus
for two different ferrites ( kA/m and

kA/m) and for two cavity sizes. The computation
is obtained by using both the FDTD and mode-matching
methods. Good agreement appears between the curves, which
validates our new approach for unsaturated ferrite. The modal
method has already been validated by a comparison with
experiment [17], this is why no experimental results are
presented in this paper.

V. CONCLUSION

A new method has been presented in this paper for the
study of partially magnetized ferrite using the FDTD method.
It uses a new permeability tensor recently developed by Gelin
and Berthou. The study has been validated by the computation
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of resonance frequencies of a 2-D resonant structure. This
method requires two additional storage variables (for each
filter) comparing to the “classical” FDTD algorithm based on
the Yee’s scheme [2] and the resolution of Maxwell’s curl
equations and Gilbert’s equation. These variables are necessary
to compute the convolutions products of (3) and (4).

The extension of this method to model three-dimensional
(3-D) devices like ferrite antennas or ferrite circulators is
currently under consideration.
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[8] C. Melon, P. Lévêque, T. Mon´edière, A. Reineix, and F. Jecko, “Fre-
quency dependent finite-difference time domain [(FD)2 TD] formulation
applied to ferrite material,”Microwave Opt. Technol. Lett.,vol. 7, no.
13, pp. 577–579, Aug. 1994.

[9] G. T. Rado, “Theory of the microwave permeability tensor and Faraday
effect in non saturated ferromagnetic materials,”Phys. Rev.,vol. 89, p.
529, 1953.

[10] E. Schl̈omann, “Microwave behavior of partially magnetized ferrites,”
J. Appl. Phys.,vol. 41, no. 1, pp. 204–214, Jan. 1970.

[11] J. Green and F. Sandy, “Microwave characterization of partially mag-
netized ferrites,” IEEE Microwave Theory Tech.,vol. MTT-22, pp.
641–645, June 1974.

[12] M. Igarashi and Y. Naito, “Tensor permeability of partially magnetized
ferrites,” IEEE Trans, Magn,,vol. MAG-13, pp. 1664–1668, Sept. 1977.

[13] J. A. Pereda, L. A. Vielva, A. Vegas, and A. Prieto, “FDTD analysis
of magnetized ferrites: Application to the calculation of dispersion
characteristics of ferrite-loaded waveguides,”IEEE Trans. Microwave
Theory Tech.,vol. 43, pp. 350–357, Feb. 1995.

[14] , “An extended FDTD method for the treatment of partially
magnetized ferrites,”IEEE Trans. Magn.,vol. 31, pp. 1666–1669, May
1995.

[15] P. Gelin and K. Berthou-Pichavant, “New consistent model for ferrite
permeability tensor with arbitrary magnetization state,”IEEE Trans.
Microwave Theory Tech.,vol. 45, pp. 1185–1192, Aug. 1997.

[16] K. S. Yee, “Numerical solution of initial boundary value problems in-
volving Maxwell’s equations in isotropic media,”IEEE Trans. Antennas
Propagat.,vol. AP-14, pp. 302–307, May 1966.
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